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We introduce a new combinatorial object, the double-permutation sequence, and use it
to encode a family of mutually disjoint compact convex sets in the plane in a way that
captures many of its combinatorial properties. We use this encoding to give a new proof of
the Edelsbrunner–Sharir theorem that a collection of n compact convex sets in the plane
cannot be met by straight lines in more than 2n−2 combinatorially distinct ways. The en-
coding generalizes the authors’ encoding of point configurations by “allowable sequences”
of permutations. Since it applies as well to a collection of compact connected sets with
a specified pseudoline arrangement A of separators and double tangents, the result ex-
tends the Edelsbrunner–Sharir theorem to the case of geometric permutations induced by
pseudoline transversals compatible with A.

1. Introduction

Approximately twenty-five years ago [7], the authors introduced a combina-
torial encoding of planar point configurations designed to open problems on
configurations to purely combinatorial investigation. This encoding, which
assigned to each planar configuration of n points a circular sequence of per-
mutations of 1, . . . ,n, has been used in a number of papers since then, in dual
form (as an encoding of line arrangements) as well as in primal form; because
the same object encodes pseudoline arrangements as well, it has also been
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used to derive results on pseudoline arrangements. For a survey of results
obtained by this technique, see, e.g., [6]. Recent applications include [15]
and [16].

In the present paper, we extend the encoding of point configurations
by circular sequences of permutations to an encoding of planar families of
disjoint compact convex sets by circular sequences of what we call “dou-
ble permutations”. It turns out that this new encoding applies as well
to a more general class of objects: families of compact connected sets
in the plane with a specified arrangement of pairwise tangent and pair-
wise separating pseudolines, and thereby permits us to extend combina-
torial results from convex sets to these more general objects. In particu-
lar, we use the double-permutation sequence encoding to prove the theo-
rem of Edelsbrunner and Sharir that a collection of n mutually disjoint
compact convex sets in the plane has no more than 2n − 2 “geometric
permutations”, and thereby establish this result in greater generality as
well.

In 1990, Edelsbrunner and Sharir solved a problem in geometric transver-
sal theory that had resisted several earlier efforts, and proved that a collec-
tion of n pairwise disjoint compact convex sets in the plane had no more
than 2n−2 “geometric permutations,” i.e., could be met by straight lines in
no more than 2n−2 distinct orders (and their reverses) [4]. Earlier, Katchal-
ski et al. [13] had shown that this many geometric permutations were indeed
possible for all n ≥ 4 (their well-known example is shown in Figure 1), so
that the Edelsbrunner–Sharir bound was tight.
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Figure 1.
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In [11], Branko Grünbaum asked how essential “straightness” was for
combinatorial results on line arrangements, and suggested in particular that
many of the same combinatorial properties that had been established for
an arrangement of straight lines should hold as well for an arrangement of
pseudolines, i.e., finite sets of curves homeomorphic to straight lines, any
two of which meet just once and cross there, as straight lines do.

To fix our ideas, we adopt Grünbaum’s model from [12]: the affine plane
is represented by the interior of a closed disk Δ, and a pseudoline by an
arc joining a pair of antipodal points on ∂Δ. Unless noted to the con-
trary, we insist that every two of our pseudolines meet in the interior of
the disk, i.e., we eschew “parallel” pseudolines. If C is a point set in the
plane, we say that a pseudoline T is tangent to C if T meets C, and if C
is contained in one of the two closed (pseudo)halfplanes determined by T .
If C1 and C2 are two disjoint sets, we call T a double tangent to the pair
C1,C2 if T is tangent to both; it is externally tangent if C1 and C2 lie
in the same closed halfplane determined by T ; internally tangent other-
wise.

We will often work with directed pseudolines, i.e., we will specify one of
the endpoints of a pseudoline as its terminal point.

The new encoding works as follows. Given a planar family C =
{C1, . . . ,Cn} of mutually disjoint compact convex sets, we project the sets
onto a directed line L and denote the endpoints of each projected set Ci

by i, i′, according to their order on L. This gives, in general, a permutation
of the 2n indices 1, . . . ,n,1′, . . . ,n′. We then rotate L counterclockwise, and
record the circular sequence consisting of all the “double permutations” of
1, . . . ,n that arise in this way. (Notice that if the convex sets are points, this
encoding reduces to the encoding by circular sequences of permutations in
the sense of [7].)

It turns out that this simple-minded encoding is strong enough to capture
all of the features of the family C that are essential in determining the (partial
and complete) transversals that C possesses, and that it extends in a natural
way to the case where the sets Ci are merely connected.

Our main application of this new encoding is:

Theorem 1. Suppose C = {C1, . . . ,Cn} is a family of compact connected
sets in the affine plane, each pair Ci,Cj separated by a pseudoline Lij and
provided with a set of four double tangents, two internal and two external.
Suppose further that these 5

(n
2

)
pseudolines form an arrangement A=AT ∪

AS (AT being the tangents, AS the separators). Then (C,A) has no more
than 2n−2 geometric permutations.
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Definition 2. A geometric permutation of (C,A) is an ordering of the sets
C1, . . . ,Cn such that there exists a pseudoline L compatible with A meeting
them in that order (and its reverse).

Notice that for a particular (directed) pseudoline transversal compatible
with (C,A), the order in which it meets the sets in C is well-defined; this
follows from its compatibility with AS. More precisely, a directed transversal
cannot meet Ci and Cj in the order (say) Ci,Cj,Ci, since then it would cross
Lij twice.

Theorem 1 generalizes the Edelsbrunner–Sharir theorem: Notice that
there is no assumption there that every pair of compact convex sets has
four distinct tangents, no two parallel. But it is a simple matter to blow up
each set slightly, by taking its Minkowski sum with a sufficiently small disk
of generic radius, to insure this; if the original collection had more than 2n−2
geometric permutations, then so would the new one. This works equally well
with an arbitrary family of compact connected sets with pseudoline separa-
tors.

In Section 2, we establish basic properties of tangent pseudolines to com-
pact connected sets. Section 3 is devoted to the definition and essential fea-
tures of our encoding, both for convex sets and more generally for connected
sets. The proof of Theorem 1 is completed in Section 4.

For the remainder of the paper, C and A will be as in the hypothesis of
Theorem 1.

For recent surveys in geometric transversal theory, see [3,9,18]; for recent
work on pseudoline arrangements, see [2, Chap. 6] and [6].

2. Connected sets, separators, and tangents

Remark 3. We use several facts about pseudoline arrangements in what
follows, which we collect here for the convenience of the reader:

(i) Any arrangement of no more than eight pseudolines is stretchable, i.e.,
there is a homeomorphism of the interior of the disk Δ to the affine plane
that maps the pseudolines in the arrangement to straight lines [8].

(ii) Every pseudoline arrangement can be embedded in a topological plane,
i.e., a 2-parameter family of pseudolines forming an (infinite) arrange-
ment such that every pair of points are joined by (exactly) one of the
pseudolines, which varies continuously with the points [10].

In several arguments below, the stretchability of a small pseudoline arrange-
ment is used, more for convenience than for necessity. In each case the ar-
gument could be carried out by referring to various cells in the original
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arrangement, but the use of stretchability allows us to simply draw a figure
with straight lines and carry out the argument with reference to the latter.

Definition 4. The directed pseudoline L is a right tangent to a compact
connected set C if L meets C and C is contained in the closed left halfplane
of L. (Note: This is called a “left tangent” in [4].) We will call a directed
pseudoline that is a right tangent to Ci and a left tangent to Cj , and that
meets them in the order Ci,Cj , a “right-left ij tangent”; similarly for the
terms “left-right ij tangent”, “right-right ij tangent” and “left-left ij tan-
gent”.

Lemma 5. Suppose Ti is a right tangent to Ci that meets Ci before Cj,
and that is compatible with the arrangement A. Then Ti points into the
halfplane to the left of the right-right ij tangent Tij. (See Figure 3(a).)

Proof. Suppose Ti pointed into the right halfplane of Tij. For convenience,
using Remark 3(i), stretch Ti, Tij , and the separator Lij. Then the situation
would be as in Figure 2(a), (b), or (c), depending on where Ti met Tij with
respect to Lij. Case (a) is impossible since Ci must lie in the shaded region,
hence Tij cannot be tangent to it. Case (b) is impossible for the same reason
(recall that Lij is a strict separator). Finally, in Case (c), Cj would have
to lie in the shaded region, hence Ti could not meet it. Thus Ti cannot
point into the halfplane to the right of Tij , and so it points into the left
halfplane.

(a) (b) (c)

Figure 2.

Corollary 6. (The remaining three cases:)

(i) If Tj is a right tangent to Cj that meets Ci before Cj, then Tj points
into the halfplane to the right of the right-right ij tangent Tij .

(ii) If Ti is a left tangent to Ci that meets Ci before Cj, then Ti points into
the halfplane to the right of the left-left ij tangent Tij .
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(iii) If Tj is a left tangent to Cj that meets Ci before Cj, then Tj points
into the halfplane to the left of the left-left ij tangent Tij .

Proof. These statements follow either by the analogous arguments to the
proof of Lemma 5, or else by reflecting appropriately (on) the statement of
Lemma 5.

Figure 3 illustrates the four possibilities – of Lemma 5, and of the three
parts of Corollary 6, respectively.

(a) (b) (c) (d)

Figure 3.

Corollary 7. If there is a directed right tangent Ti to Ci meeting Cj, and
– counterclockwise from it – a directed right tangent Tj to Cj meeting Ci,
and if Ti and Tj are each compatible with A, then the right-right ji tangent
Tji points between Ti and Tj .

Proof. There are several cases, depending on the order in which Ti and Tj

meet the two sets. The result in each case follows immediately from Lemma 5
or Corollary 6.

3. The sequence of double permutations

Definition 8. If C = {C1, . . . ,Cn} is a family of mutually disjoint compact
convex sets, we associate to the family C a circular sequence of permutations
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of the symbols 1,1′,2,2′, . . . ,n,n′, as follows. Project the sets in C orthogo-
nally onto a directed line L, and record the order in which the endpoints
of the intervals constituting the projections of the sets Ci occur. This gives
a permutation of the indices 1,1′, . . . ,n,n′ (where the primed indices corre-
spond to the right-hand endpoints of the intervals). If L rotates counter-
clockwise, the permutation changes every time L becomes orthogonal to an
(undirected) double tangent, and we obtain a periodic sequence of permu-
tations of 1,1′, . . . ,n,n′ which we call the circular sequence of double permu-
tations of C1, . . . ,Cn. The move from each term to the next is simply the
switch of two adjacent indices such as i,j or i′, j or i,j′ (but not i, i′).

(Notice that instead of thinking of each term of the sequence as defined by
projection onto L, we can think of it as arising by sweeping a line orthogonal
to L from left to right, and recording the order in which the sweepline enters
and then leaves the various sets.)

If we adopt the convention that each switch is written in the order in
which the indices appear after they have switched, then it is easy to see
that

(i) the switch ij corresponds to a left-left ij tangent,
(ii) the switch i′j′ corresponds to a right-right ij tangent,
(iii) the switch i′j corresponds to a left-right ij tangent,
(iv) the switch ij′ corresponds to a right-left ij tangent.

It is also easy to see that, knowing the sequence of ordered switches, we
can reconstruct the double-permutation sequence itself: Any term can be
reconstructed from the half-period of switches following it (since these are
compatible with only one possible order among the indices 1,1′, . . . ,n,n′),
and the remaining terms can be then be written down by successively ap-
plying the switches that follow.

This allows us to define the double-permutation sequence in greater gen-
erality:

Definition 9. For a family C of connected sets, together with a given ar-
rangement A= AT ∪AS of double tangent pseudolines and separators, we
generate the circular sequence S(C,A) of double permutations as follows.
We first record the periodic sequence of ordered switches (which is read
off from the directions of the 8

(
n
2

)
ordered double tangents), and we then

(re)construct the double permutations themselves by the method described
just above. We must show that no cycle is possible among the pairwise
orderings. The easiest way to see this is to use Remark 3(ii), which says
that a pseudoline arrangement can always be extended to a full topological
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plane. If we do this, we can then mimic the construction described above
by sweeping a pseudoline with a fixed terminal point on ∂Δ continuously
across all the sets Ci. (If desired, we can even replace each connected set Ci

by its “convex hull” in the topological plane, i.e., the intersecton of all the
(pseudo)halfplanes containing it, to arrive at a situation completely anal-
ogous to the one described above.) Since the resulting sequence of double
permutations has the 8

(n
2

)
ordered double tangent directions, in counter-

clockwise order, as its sequence of ordered switches, each double permuta-
tion must be consistent with the switches following it, so that no cycle is
possible.

The following is immediate from the definitions, with the help of Lemma 5
and Corollary 6.

Proposition 10. The sequence of ordered switches of (C,A) has the fol-
lowing properties:

(i) Each period is composed of two half-periods. Each switch in the second
half is the reversal of the corresponding switch in the first half, with the
primed and unprimed indices interchanged; for example, if the switch 32′
occurs somewhere, then the switch 23′ will occur exactly a half-period
later.

(ii) In any half-period, for i,j distinct,
(a) one but not both of the switches ij and j′i′ occur;
(b) one but not both of the switches ij′ and ji′ occur;
(c) one but not both of the switches i′j and j′i occur.
Hence in any full period every switch of two distinct indices chosen from
the list 1, . . . ,n,1′, . . . ,n′ occurs, with the exception of pairs of the form
i, i′ (or i′, i); thus the full period consists of precisely 8

(n
2

)
switches.

(iii) For i,j distinct, the i,j switches in which i precedes j occur in the order
ij′, {ij, i′j′}, i′j in some half-period.

And from this we obtain:

Corollary 11. The double-permutation sequence S(C,A) has the following
properties:

(i) Each term is a permutation of the symbols 1,1′, . . . ,n,n′, with each pair
i, i′ appearing in that order in every term.

(ii) The move from each term to the next consists of a switch between two
successive indices other than i, i′.

(iii) Each period is composed of two half-periods. Each term in the sec-
ond half is the reversal of the corresponding term in the first half, with
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the primed and unprimed indices interchanged; for example, if the term
13543′5′1′22′4′ occurs somewhere, then the term 422′1534′5′3′1′ will oc-
cur exactly a half-period later.

(iv) The full period consists of precisely 8
(n
2

)
double permutations.

The properties in Proposition 10 and Corollary 11 are reminiscent of the
properties we abstracted in [7] from the circular sequence of permutations
of a point configuration. We called such a sequence of permutations an “al-
lowable sequence”, and showed in [5] that every allowable sequence was, in
fact, realizable by a “generalized configuration” of points, i.e., points joined
by pseudolines forming an arrangement. We do not know, however, if the
corresponding fact holds in this situation: does every sequence satisfying the
conditions of Corollary 11 arise from a family C of connected sets and an
arrangement A of pseudolinear tangents and separators?

Definition 12. A sequence of permutations of 1, . . . ,n,1′, . . . ,n′ satisfying
the conditions of Corollary 11 is called an allowable sequence of double per-
mutations of 1, . . . ,n. If the double permutation sequence comes from some
collection of mutually disjoint compact convex sets and their straight-line
double tangents (and some collection of separating lines), we call the se-
quence stretchable.

Notice that if an allowable double-permutation sequence can be real-
ized by connected sets with straight-line tangents and separators, then it is
stretchable: just replace each connected set with its convex hull, keeping the
arrangement the same. Thus, stretchability depends on the nature of the
double-tangent arrangement, not on the shapes of the sets themselves.

Not every allowable double-permutation sequence arising from a family of
compact connected sets with pseudoline tangents and separators is stretch-
able: it is not difficult to construct an example based on the nonstretchable
“bad pentagon” of [7] (see also [6]).

Remark 13. From the double-permutation sequence of (C,A) we can iden-
tify its various geometric permutations and reconstruct the order of each
one:

Call a term in the double-permutation sequence of (C,A) a “transversal
term” if it is of the form i1 . . . inj′1 . . . j′n, and a “final transversal term” if it
is the last member of a string of transversal terms. Any common transversal
gives rise to a transversal term (since when we reach it in a sweep “parallel”
to the transversal we have entered all the sets but not yet left any), and a
complete string of terms of this sort will correspond to a single geometric
permutation, since no switch of the type i′j takes place (for the order in
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which an oriented transversal meets two sets to change, its direction must
pass through an internal tangent direction – again, this is most easily seen
by the use of Remark 3(ii)). On the other hand, if this string is followed by a
nontransversal term and then – within the same half-period – by yet another
transversal term, the corresponding geometric permutation will be different,
since a switch of the form i′j has now taken place, i.e., the direction has
passed though an internal tangent direction. (One sees this by noting that
the nontransversal term must contain two indices, i and j, with ii′ appearing
in the first half and jj′ in the second; hence for the first transversal term
we have i≺ j, but for the second, j ≺ i – look at the half-period following
the . . . i . . . i′ . . . j . . . j′ . . . term!) Thus the number of geometric permutations
of (C,A) is the same as the number of strings of transversal terms in any
half-period of S(C,A).

To read off the geometric permutation corresponding to a string of
transversal terms, consider the half-period that follows it. For every dis-
tinct i,j, exactly one of i′j or j′i must occur as a switch in that half-period.
The former means that i precedes j in the geometric permutation, the latter
that j precedes i.

Notice that since, if two directed pseudoline transversals meet the sets in
different orders, there must be an internal double tangent whose direction
lies between theirs, it follows that if two directed transversals are “parallel”,
they must meet the sets in the same order.

4. Completing the proof of Theorem 1

Suppose i1 . . . inj′1 . . . j′n is a final transversal term. Select the first primed in-
dex, j′1, in that term. (In the convex, straight-tangent case, this corresponds
to twisting a directed common transversal counterclockwise until it reaches
a “final” position, in which it is necessarily a right-left internal tangent to
two of the sets, and then recording the index of the set to which it is a
right tangent.) If we do this for the last transversal term in each string,
we obtain a periodic sequence . . . ,k′

1 . . .k′
m,k′

1 . . .k′
m, . . . of indices, which we

call the “fundamental sequence” F (C,A). We will show that the period, m,
of F (C,A) (which, as we have seen in Remark 13 is precisely twice the num-
ber of geometric permutations in (C,A)), is bounded above by 4n−4. This
is done by a similar argument to the one that Edelsbrunner and Sharir used
in [4], although the sequence they applied it to was somewhat different from
ours. As in [4], we call a (possibly nonconsecutive) substring of a full period
of the periodic sequence F (C,A) a “scattered substring”.
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Lemma 14. No period of F (C,A) contains a scattered substring of the form
. . . i′ . . . j′ . . . i′ . . . j′ . . . .

Proof. Suppose the contrary. Then the sequence S(C,A) of ordered switches
contains in order, within one period, the four switches . . . , i′k, . . . , j′l, . . . ,
i′m,. . . , j′n,. . .. These correspond to directed double tangents Ti′k,Tj′l,Ti′m,
Tj′n ∈ AT in counterclockwise order pointing within a single transversal
of ∂Δ, each one a common transversal of all the sets in C. Notice that at least
three of the four arcs between successive terminal points of the four tangents
are smaller than 180◦ in length. Suppose without loss of generality that these
are from Ti′k to Tj′l, from Tj′l to Ti′m, and from Ti′m to Tj′n. Consider the
first of these. Ti′k is a right tangent to Ci that meets Cj (because it is a
common transversal), and likewise Tj′l is a right tangent to Cj that meets
Ci and that points < 180◦ counterclockwise from Ti′k. By Corollary 7, the
right-right ji-tangent Tji must point inside that arc. But by the same token
Tji also points inside the arc from the terminal point of Ti′m to that of Tj′n,
which is impossible.

We now recall the definition of an (n,2) Davenport–Schinzel sequence,
and of a Davenport–Schinzel cycle, as given, say, in [17], and the basic result
about its length, which also appears in [17].

Definition 15. A word on the symbols 1, . . . ,n is called an (n,2) Daven-
port–Schinzel sequence if it contains no immediately repeated symbol, and
if it contains no scattered substring of the form ijij. A (doubly infinite)
periodic sequence is called an (n,2) Davenport–Schinzel cycle if every period
is an (n,2) Davenport–Schinzel sequence.

Theorem 16. An (n,2) Davenport–Schinzel cycle has maximum length
2n−2.

The last step is to convert F (C,A) into a Davenport–Schinzel cycle. We
do this by contracting each immediate repetition of an index into a single
index, and call the resulting periodic sequence F ′(C,A). Notice that if we
amalgamate two equal indices i′i′ in F (C,A) corresponding to switches i′j
and i′k, then j cannot equal k since i′j cannot occur twice within the same
period. Thus the indices k′j′ in F (C,A) coming from switches a half-period
later are not amalgamated. It follows that if m is the number of indices,
then we can amalgamate indices at most m/2 times.

By Theorem 16, the period of F ′(C,A) has length at most 2n−2, so that
(by the comment just above) the period of F (C,A) has length at most 4n−4.
Hence the number of final transversal terms in any half-period of S(C,A) is
bounded above by 2n−2, so that by Remark 13, Theorem 1 follows.
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5. Final remarks

The combinatorial encoding described in this paper, and the use to which
we have put it, were inspired by the methods used by Edelsbrunner and
Sharir to prove their 2n− 2 bound for convex sets, as well as by the au-
thors’ previous work on allowable sequences of permutations. In addition
to enlarging the scope of the 2n− 2 theorem, our methods also provide a
means for replacing the geometric arguments in the Edelsbrunner–Sharir pa-
per that involve moving tangents continuously by combinatorial arguments.
One could, however, use similar methods and work in a topological affine
plane, as described in Definition 9, and as we did in [1], but that would result
in a somewhat weaker theorem: it would be necessary to assume that all the
transversals giving us the various geometric permutations were contained in
the same pseudoline arrangement containing A, rather than merely being in-
dividually compatible with A. (Then one could use Remark 3(ii) and extend
the arrangement to a topological affine plane, and use continuity arguments
there.)

Finally, it would be interesting to see how much of this combinatorial
encoding can be carried over to higher dimensions, possibly via oriented
matroids [2].
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[3] J. Eckhoff: Helly, Radon, and Carathéodory type theorems; in: Handbook of Convex
Geometry (P. M. Gruber and J. M. Wills, eds.), Volume A, North-Holland, Amster-
dam, 1993, pp. 389–448.

[4] H. Edelsbrunner and M. Sharir: The maximum number of ways to stab n convex
noninstersecting sets in the plane is 2n−2, Discrete Comput. Geom. 5 (1990), 35–42.

[5] J. E. Goodman: Proof of a conjecture of Burr, Grünbaum, and Sloane; Discrete
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